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ABSTRACT
I investigate whether it is possible to reconcile the recent ALFALFA observation that the neutral
hydrogen (HI) mass function (HIMF) across different galactic densities has the same, non-flat, faint-
end slope, with the observations of isolated galaxies and many galaxy groups that show their HIMFs
to have flat faint-end slopes. I find that a fairly simple model in which the position of the knee in
the mass function of each individual group is allowed to vary is able to account for both of these
observations. If this model reflects reality, the ALFALFA result points to an interesting ‘conspiracy’
whereby the differing group HIMFs always sum up to form global HIMFs with the same faint-end
slope in different environments. More generally, this result implies that global environmental HIMFs
do not necessarily reflect the HIMFs in individual groups belonging to that environment, and cannot
be used to directly measure variations in group-specific HIMFs with environment.
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1. INTRODUCTION
The neutral hydrogen (HI) mass function (HIMF) is normally parameterized using a Schechter function:
φ(M)dM = φ⋆
(
M
M⋆
)α
e−(M/M
⋆)d
(
M
M⋆
)
(1)
Where α is the faint-end power-law slope, M⋆ is the position of the knee, where the function transitions from a
power-law to an exponential cutoff, and φ⋆ is the density normalization.
Recently, Jones et al. (2016) measured how the neutral hydrogen (HI) mass function (HIMF) varies with density
of galaxies using data from the Arecibo Legacy Fast Arecibo L-band Feed Array (ALFALFA) survey 70% catalogue.
They found that the faint-end slope does not vary significantly between the different densities measured. This differed
from the earlier results of Zwaan et al. (2005), who found a faint-end slope that steepened in denser environments
using data from the blind HI Parkes All Sky Survey (HIPASS), and Springob, Haynes & Giovanelli (2005), who found
a shallower faint-end slope in denser environments using data from the pointed Arecibo General Catalogue (AGC)
survey, both using far fewer galaxies.
1.1. Tensions between the ALFALFA result and localized observations
Jones et al. noted that their result was surprising as more localized observations of groups of galaxies (Freeland, Stilp & Wilcots
2009; Kovacˇ, Oosterloo & van der Hulst 2005; Pisano et al. 2011; Verheijen et al. 2001) had found HIMFs with flat
(α ∼ −1) faint-end slopes, and they expected that this would be reflected in their global measurement.
The situation in groups is complex, as a wide range of faint end slopes have been measured in these environments.
Besides the flat or near-flat HIMFs considered by Jones et al., HIMFs consistent with or steeper than the field (α =
−1.33 ± 0.02; Martin et al. 2010) were found, for example, by Banks et al. (1999) in the Centaurus A group using
HIPASS data (α = −1.30 ± 0.15) and by Stierwalt et al. (2009) in the Leo I group using ALFALFA data (α =
−1.41+0.2
−0.1), while a declining slope was found by Kilborn et al. (2009) in southern GEMS groups (α = 0.00±0.18). The
situation with the lower-density environments of isolated galaxies is simpler, however, and here, again, the Jones et al.
results appears to be in contradiction with observations. HIMFs consistent with being flat, and shallower than the field
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HIMF were found around isolated galaxies by Pisano & Wilcots (2003) and in the recent work of Minchin et al. (2016)
(possibly due in both cases to the tendency of satellites near large galaxies to be gas-poor; Spekkens et al. (2014)).
Jones et al. (2016) propose that this points to measurement errors in determinations of local HIMFs in galaxy
groups due to the limitations of interferometric surveys or, for their nearest-neighbor analysis, that the surface-density
of galaxies is independent of group size so that groups are not well separated by this method; here I propose an
alternative explanation that unifies the two set of observations without the need to assume either of these conditions.
2. MODEL
It is known that the luminosity function of isolated galaxies is flat or increasing (Verdes-Montenegro et al. 2005),
thus isolated galaxies are found at a range of different luminosities and, it is reasonable to assume, different HI masses.
This means that the knees in the local HIMFs around isolated galaxies must be found across a range of masses, rather
than at a single value – which could only be the case if all isolated galaxies had approximately the same HI mass. As
the global HIMF consists, by definition, of the sum of local HIMFs, and the local HIMF around isolated galaxies must
cutoff at the mass of the isolated galaxy, I thus investigate a model where a global HIMF is constructed from local
HIMFs with varying values for the cut-off, M⋆.
A simple model can be built assuming that M⋆ has a cutoff at some value, M⋆0 , and is distributed so it is (like the
isolated galaxy luminosity function) flat beneath this, so φ⋆ = φ⋆0(M
⋆/M⋆0 )
−1. This can be generalized by assuming
that M⋆ is distributed below the cut-off according to a power-law with slope β (in the flat case, β = −1), giving the
modified Schechter function:
φ(M,M⋆)dM = φ⋆0
(
M⋆
M⋆0
)β (
M
M⋆
)α
e−(M/M
⋆)d
(
M
M⋆0
)
(2)
In order to examine a continuous distribution it is necessary to integrate Equation 2 with respect to log M⋆ up to the
limit log M⋆0 . Noting that d(logM
⋆) = M⋆−1dM⋆ and then substituting in t = M/M⋆, so dt = (−t2/M)dM⋆. This
gives dM⋆ = −t−2Mdt and thus d(logM⋆) = −t−2(M/M⋆)dt = −t−1dt, with the limits becoming ∞ and M/M⋆0 ,
giving:[∫ M⋆
0
0
φ⋆0
(
M⋆
M⋆0
)β (
M
M⋆
)α
e−(M/M
⋆)d(logM⋆)
]
dM =
[
−
∫ M/M⋆
0
∞
φ⋆0
(
M⋆
M⋆0
)β (
M
M
)β (
M
M⋆
)α
e−(M/M
⋆)t−1dt
]
d
(
M
M⋆0
)
(3)
=
[∫ ∞
M/M⋆
0
φ⋆0
(
M
M⋆0
)β
t−βtαe−tt−1dt
]
d
(
M
M⋆0
)
(4)
=
[
φ⋆0
(
M
M⋆0
)β ∫ ∞
M/M⋆
0
tα−β−1e−tdt
]
d
(
M
M⋆0
)
(5)
Which can be evaluated using the upper incomplete gamma function to give:[∫
φ(M,M⋆)d(logM⋆)
]
dM = φ⋆0
(
M
M⋆0
)β
ΓM/M⋆
0
(α − β)d
(
M
M⋆0
)
(6)
Equation 6 was evaluated numerically using WolframAlpha1 and compared to various values for a single Schechter
function, as shown in Figure 1. It can be seen from this that the integral of the flat HIMFs matches the ALFALFA
40% catalog field HIMF (Martin et al. 2010), which is somewhat steeper than the HIMFs found by Jones et al. (2016)
from the 70% catalog, relatively well over the range of values (around 107.5− 1010.5M⊙) covered by Jones et al.. That
there are differences between the Schechter function and my integrated function implies that it would be possible
to distinguish between them with data that was either deep enough or had sufficiently small errors, or to determine
(which is most likely in the opinion of this author) that both are approximations to a more complex form.
3. COMPARISON WITH DATA AND DISCUSSION
The model was tested by comparing it with data from the lowest density bins of the various methods of calculation
used in Jones et al. (2016): third nearest neighbor in the SDSS, number of neighbors in a fixed aperture, and nearest
neighbor in 2MASS. As the model is inspired by the distribution around isolated galaxies, this is the most appropriate
density with which to make the comparison, but the shape of the HIMF is similar in all of Jones et al.’s density bins.
1 http://wolframalpha.com
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Integral of flat HIMFs
Figure 1. Integral of the flat HIMFs (solid line) compared to HIMFs with α = −1.0 (dotted), −1.2 (dashed) and −1.33 (dot-
dashed), the last being the same as the ALFALFA field HIMF (Martin et al. 2010). It can be seen that there is a relatively
close match between the integral of the flat HIMFs and the ALFALFA field HIMF for M > 107.5M⊙ (the limit of the catalogs
used in Jones et al. 2016, indicated here by the long-dashed vertical line), although it diverges below this.
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β = –0.5
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Lowest density quartile defined by third nearest neighbor in the SDSS
β = –1
β = –0.5
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Functional forms for the distribution of M*
Figure 2. Comparison with data for β = −1 (solid line), −0.5 (dotted line) and 0 (dashed line). Top left: comparison with
the HIMF in the lowest density quartile defined by the third nearest neighbor in the SDSS (Jones et al. Fig. 9); top right:
lowest density regions defined by the number of neighbors in a fixed aperture (Jones et al. Fig. 10); bottom left: the lowest
density quartile defined by the nearest neighbor in 2MASS (Jones et al. Fig. 11)’ bottom right: functional forms used for the
distribution of M⋆. Vertical normalization is arbitrary in all plots.
The integrated HIMF was calculated for β = −1,−0.5 and 0 to investigate the effect of changing the shape of the
distribution of M⋆. Results are plotted in Figure 2, which also shows the function forms of the distribution of M⋆
used.
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Obviously this is a very simple model, with the distribution of M⋆ being at best a first-order approximation to
reality. As β = −1 is a fairly good match (Figure 1) for the 40% ALFALFA HIMF of Martin et al. (2010), which has
a steeper faint-end slope than the Jones et al. (2016) HIMFs (based on the ALFALFA 70% catalog), it is unsurprising
that this is slightly higher than the data in Figure 2. However, there is a surprisingly good match between the model
and the data for β = −0.5. β = 0 falls mostly beneath the data at the faint end (or is too high at the knee, depending
on normalization).
The good match for β = −0.5 demonstrates that the flat local HIMFs, as seen around isolated galaxies and in
groups, can sum to give a non-flat global HIMF, as observed by Jones et al. (2016), thus the results of Jones et al.
are not necessarily in tension with previous results targeting specific structures. This implies that caution should be
used in interpreting the results of both global and local HIMFs as they are probing different aspects of the galaxy
population: it is not possible to generalize from local HIMFs to the global population, nor to use the global HIMFs to
examine effects on the local scale.
More generally, while this paper assumes a fixed faint-end slope for the purpose of making the analysis tractable, it
is possible to speculate that in the real world both the faint-end slope and the position of the knee in the local HIMF
could vary with environment even while the global HIMF maintains a constant or near-constant faint-end slope and
sees only small changes in the position of the knee. It is trivial, for example, to see that if α = −1.2 and β = 0, the
results would simply be a Schechter function with a slope of -1.2. This implies that intermediate values of α and β
between this and the α = −1, β = −0.5 considered earlier would also give similarly-shaped functions, making it quite
possible for the combination of α and β to vary with environment while maintaining a global HIMF that does not
change significantly with density.
4. CONCLUSION
It has been demonstrated that it is possible, with a simple model, to reconcile the apparently contradictory findings
of a relatively steep global faint-end slope to the HI mass function that is constant across different galactic densities, as
seen by Jones et al. (2016) and observations of a flat local slope to the HI mass function in galaxy groups and around
isolated galaxies. This points to the possibility of a ‘conspiracy’ causing the differing local HIMFs seen at different
galactic densities to always sum to form similar global HIMFs.
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